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Abstract

We model the strategic interaction between fundamental informed trading and
order-flow informed trading. Adding to a two-period Kyle (1985) model, a “back-
runner” observes a signal of the fundamental informed investor’s period-1 order
after the order is filled. Learning from past order-flow information, the back-
runner competes with the fundamental investor in period 2. If order-flow informa-
tion is accurate, the fundamental investor hides her information by randomizing
her period-1 trade, resulting in a mixed-strategy equilibrium. A pure-strategy
equilibrium obtains if order-flow information is inaccurate. Back-running de-
lays price discovery and reduces fundamental information acquisition. Recent

evidence on high-frequency trading supports our theoretical predictions.
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1 Introduction

This paper studies the strategic interaction between fundamental informed trading and order-
flow informed trading, as well as its implications for market equilibrium outcomes. By order-
flow informed trading, we refer to strategies that begin with no innate trading motives—be
it fundamental information or liquidity needs—but instead first learn about other investors’
order flows and then act accordingly.

A primary example of order-flow informed trading is “order anticipation” strategies. Ac-
cording to the Securities and Exchange Commission (2010, p. 54-55), order anticipation
“Involves any means to ascertain the existence of a large buyer (seller) that does not in-
volve violation of a duty, misappropriation of information, or other misconduct. Examples
include the employment of sophisticated pattern recognition software to ascertain from pub-
licly available information the existence of a large buyer (seller), or the sophisticated use of
orders to ‘ping’ different market centers in an attempt to locate and trade in front of large
buyers and sellers [emphasis added].”

Always been controversial,! order anticipation strategies have recently attracted intense
attention and generated heated debates in the context of high-frequency trading (HEFT). In
a colorful account of today’s U.S. equity market, Lewis (2014) argues that high-frequency
traders observe part of investors’ orders on one exchange and “front-run” the remaining

2 Although most (reluctantly) agree that such

orders before they reach other exchanges.
strategies are legal in today’s regulatory framework, many investors and regulators have
expressed severe concerns that they could harm market quality and long-term investors.
For example, in its influential Concept Release on Equity Market Structure, Securities and
Exchange Commission (2010, p. 56) asks: “Do commenters believe that order anticipation
significantly detracts from market quality and harms institutional investors?”

To address important policy questions like this, we need to first address the more fun-
damental questions of market equilibrium. For example, how do order anticipators take
advantage of their superior order-flow information of fundamental investors (such as mutual

funds and hedge funds)? How do these fundamental investors, in turn, respond to potential

IFor example, Harris (2003) writes “Order anticipators are parasitic traders. They profit only when they
can prey on other traders [emphasis in original].”

2In its original sense, front-running refers to the illegal practice that a broker executes orders on his own
account before executing a customer order. In recent discussions of market structure, this term is often used
more broadly to refer to any type of trading strategy that takes advantage of order-flow information, including
some academic papers that we will discuss shortly. When discussing these papers we use “front-running” to
denote the broader meaning, as the original authors do.



information leakage? How does the strategic interaction between these two types of traders
affect market equilibrium and associated market quality?

In this paper, we take up this task. Our analysis builds on a simple theoretical model
of strategic trading. We start from a standard two-period Kyle (1985) model, which has
a “fundamental investor” who is informed of the true asset value, noise traders, and a
competitive market maker. The novel part of our model is that we add a “back-runner”
who begins with no fundamental information nor liquidity needs, but who receives a signal
of the fundamental investor’s order flow after that order is executed by the market maker.
In Section 3 we provide some examples of how order-flow signals may be extracted.

The trading mechanism of this market is the same as the standard Kyle (1985) model.
In the first period, only the fundamental investor and noise traders submit market orders,
which are filled by the market maker at the market-clearing price. Only after the period-1
market clears does the back-runner observe the fundamental investor’s period-1 order flow
(with noise). In the second period, the fundamental investor, the back-runner, and noise
traders all submit market orders, which are filled at a new market-clearing price.

We emphasize that it is the fundamental investor’s order flow, not her information,® that
is partially observed by the back-runner (otherwise, the back-runner would simply be an-
other fundamental investor); and this order-flow information is observed ex post, not ex ante.
This important feature is directly motivated by the “publicly available information” part in
the SEC’s definition above. For this reason, we believe “back-running” is a more realistic
description of order-anticipation strategies than “front-running” because “back-running” ac-
knowledges that order-flow information is not endowed ex ante, but learned over time. As
we discuss in Section 6, recent evidence supports the back-running interpretation.

The risk that order flow leaks valuable information substantially changes the fundamen-
tal investor’s behavior. In particular, pure strategy equilibrium may no longer exist. To see
why, note that in the extreme case that the back-runner perfectly observes the fundamental
investor’s past order flow, a pure strategy by the fundamental investor completely reveals
her information to the back-runner. Clearly, creating a competitor in the next period harms
the fundamental investor. As long as the back-runner’s order-flow signal is sufficiently pre-
cise, playing a pure strategy is suboptimal for the fundamental investors. We show that in
those situations the unique linear equilibrium is a mixed strategy equilibrium in which the

fundamental investor adds an endogenous, normally-distributed noise order into her period-1

3Throughout this paper, we will use “her” /“she” to refer to the fundamental investor and use “his” /“he”
to refer to the back-runner.



order flow to hide her information. This garbled order flow, in turn, makes it harder for the
back-runner to infer the asset fundamental value. In other words, if investors face a high risk
of information leakage, randomization is the best defense. This result echoes nicely Stiglitz
(2014, p. 8)’s remark on high-frequency trading: “[T]he informed, knowing that there are
those who are trying to extract information from observing (directly or indirectly) their
actions, will go to great lengths to make it difficult for others to extract such information.”

In contrast, if the back-runner’s order-flow information is sufficiently noisy, he has a hard
time inferring the fundamental investor’s information anyway. In this case, the fundamental
investor does not need to inject additional noise; she simply plays a pure strategy.

Our analysis points out a new channel—i.e., the amount of noise in the back-runner’s
signal—that determines whether a mixed strategy equilibrium or a pure strategy one should
prevail in a Kyle-type auction game. Characterizing the switch between a mixed strategy
equilibrium and a pure strategy one is the first, theoretical contribution of our paper.

The second, applied contribution of our paper is to investigate the implications of back-
running for market quality and traders’ welfare. The natural benchmark is a standard two-
period Kyle model without the back-runner. Our results reveal that the presence of back-
running delays price discovery. In the presence of back-running, the fundamental investor
trades less aggressively and possibly adds noise in the first period, harming price discovery.
Price discovery is improved in the second period, however, since the back-runner also has
value-relevant information and trades with the fundamental investor.

Market liquidity, measured by the inverse of Kyle’s lambda, is mixed. The first-period
liquidity is generally improved because the more cautious trading of the fundamental investor
weakens the market maker’s adverse selection problem. But the presence of back-running
can either improve or harm the second-period market liquidity. It will harm liquidity if the
back-runner’s order-flow signal is sufficiently precise, which means that his trading will inject
more private information into the second-period order flow, aggravating the market maker’s
adverse selection problem.

Unsurprisingly, taking the two periods together, the fundamental investor suffers from the
presence of back-running, but noise traders benefit from it. Because institutional investors
like mutual funds, pension funds, and ETFs employ a wide variety of investment strategies,
they may act as either fundamental investors or liquidity (noise) traders, depending on the
context. Since the back-runner makes a positive expected profit, the net result is that the
other two trader types suffer collectively. We thus confirm the suspicion by regulators that

order-flow informed trading tends to harm institutional investors on average.



We consider endogenous information acquisition in an extension of the baseline model.
The fundamental investor chooses to acquire a certain amount of fundamental information,
and the back-runner simultaneously chooses the precision of order-flow information that he
acquires. Our prior results are robust to endogenous information acquisition. We also find
that a lower cost of acquiring order-flow information reduces the fundamental investor’s
incentive to acquire fundamental information.

The theoretical results on the behaviors of various market participants are supported by
recent studies that link the activities of certain high-frequency traders (HFTS) to the execu-
tion performance of institutional investors (Section 6). Relevant studies include van Kervel
and Menkveld (2015), Tong (2015), and Korajczyk and Murphy (2014). Our theoretical
prediction that back-running delays price discovery is directly supported by Weller (2015),
and consistent with Brogaard, Hendershott, and Riordan (2014) and Hirschey (2013). That
said, we emphasize that our result should be combined with results on other HF'T strategies,
especially market marking, in evaluating the overall effect of HF T's.

A practical implication of our results is that randomized execution strategies help insti-
tutional investors reduce information leakage. A simple way to implement randomization is
to overlay mean-zero random perturbations to standard execution schedules such as time-
weighted average price (TWAP) or volume-weighted average price (VWAP). Moreover, the
appearance of market manipulation—selling and then buying at lower prices, or vice versa—

could be part of an optimal execution strategy that aims to limit information leakage.

2 Relation to the Literature

Our paper contributes to three branches of literature: theories on high-frequency trading,
mixed strategies in trading models, and order-flow informed trading.

High-frequency trading. The recent theoretical literature on HFT typically assumes
that high-frequency traders have information advantage. Relevant papers include Biais, Fou-
cault, and Moinas (2015), Foucault, Hombert, and Rosu (2015), Hoffmann (2014), Budish,
Cramton, and Shim (2015), and Jovanovic and Menkveld (2012). In those models, a high-
frequency trader plays the dual role of being fast and being informed. In our model, the
back-runner is not as informed as the fundamental investor, but the back-runner can collect
information from the fundamental investor’s trading behavior. It is the separation between
fundamental information and order-flow information that gives rise to the interesting interac-

tions and implications observed in our model. Another connection is that we endogenize the



source of HF'T’s private information—through parsing public order flows—that is commonly
assumed in existing HF'T studies.

Mixed strategies in trading models. At a technical level, the model of our paper
is closest to that of Huddart, Hughes, and Levine (2001), also an extension of Kyle (1985).
Motivated by the mandatory disclosure of trades by firm insiders, they assume that the
insider’s orders are disclosed publicly and perfectly after being filled. They show that the
only equilibrium in their setting is a mixed strategy one, for otherwise the market maker
would perfectly infer the asset value, preventing any further trading profits of the insider.
In their model the mandatory public disclosure unambiguously improves price discovery and
market liquidity in each period.

Buffa (2013) studies disclosure of insider trades when the inside is risk-averse. His equi-
librium with disclosure also features mixed strategies. In contrast to Huddart, Hughes, and
Levine (2001), however, he shows that disclosing insider trades can harm price discovery by
making the risk-averse insider trade less aggressively.

Our results differ from those of Huddart, Hughes, and Levine (2001) and Buffa (2013)
in at least two important aspects. First, we identify the switch between the mixed strat-
egy equilibrium and the pure strategy one, depending on the precision of the order-flow
information. To the best of our knowledge, ours is the first model that presents a switch be-
tween a pure strategy equilibrium and a mixed strategy one, among many extensions of Kyle
(1985).* Second, while their models apply to public disclosure of insider trades, our model is
much more suitable to analyze the private learning of order-flow information by proprietary
firms such as HFTs. Some may view this model difference as small and inconsequential, but
bringing the model a little closer to reality can substantially improve the applicability of the
model. As we have shown, private learning of order-flow information delays price discovery,
opposite to the prediction of Huddart, Hughes, and Levine (2001). As discussed in Section
6, recent evidence from Weller (2015) supports our prediction.

Order-flow information. Among papers studying order-flow information, the one clos-

est to ours is Madrigal (1996), who also considers a two-period Kyle (1985) model with an

4 A few other studies identify mixed strategy equilibria in different settings. In a continuous-time exten-
sion of Glosten and Milgrom (1985) model, Back and Baruch (2004) show that there is a mixed strategy
equilibrium in which the informed trader’s strategy is a point process with stochastic intensity. Baruch and
Glosten (2013) show that “flickering quotes” and “fleeting orders” can arise from a mixed strategy equilib-
rium in which quote providers repeatedly undercut each other. Yueshen (2015) shows that if market makers
are not perfectly competitive and the number of market makers is uncertain, then market makers who are
present use a mixed pricing strategy. These papers do not explore the question of trading on order-flow
information or a switch between pure and mixed strategy equilibria.



insider and a “(non-fundamental) speculator.” The speculator and the insider both observe
the same part of the period-1 noise trading. Although Madrigal’s model and ours are similar,
he only considers pure strategy equilibria and does not verify the second-order condition. In
fact, the second-order condition for his pure strategy equilibrium turns out to be violated
when the speculator observes a precise signal of noise trading (hence infers the insider’s
trade accurately). Consequently, his result misses the mixed strategy equilibrium entirely,
and hence misses how fundamental investors counteract information leakage by adding noise
to order flows.

The mixed strategy equilibrium also matters a great deal for market quality implications.
We show that when the back-runner’s information of past order flows is accurate, only the
mixed strategy equilibrium exists, and price discovery in the first period becomes worse
than the standard Kyle model. For these parameter values, if one were to apply Madrigal’s
pure strategy equilibrium, one would conclude, incorrectly, that the presence of the (non-
fundamental) speculator would improve price discovery in the first period, relative to the
standard Kyle model. As we discuss in Section 6, recent evidence from Weller (2015) supports
the prediction from our mixed strategy equilibrium.

Li (2014) models high-frequency trading “front-running,” whereby multiple HF T's with
various speeds observe the aggregate order flow ex ante with noise and front-run it before
it reaches the market maker. In his model the informed trader has one trading opportunity
and does not counter information leakage by adding noise.

Other earlier models exploring information about liquidity-driven order flows include Cao,
Evans, and Lyons (2006), Bernhardt and Taub (2008), Attari, Mello, and Ruckes (2005),
Brunnermeier and Pedersen (2005), and Carlin, Lobo, and Viswanathan (2007). Our model
differs from them in two ways: (i) the relevant information is about asset fundamentals, not
liquidity needs; and (ii) order-flow information is learned over time, not endowed instantly.
As elaborated in Section 6, these differences have distinct empirical predictions. Evidence
on HFT behaviors by van Kervel and Menkveld (2015) supports the premise and results of
our back-running model. Moreover, the fundamental investor in our model optimally injects
noise into her orders as camouflage, a feature absent in other studies in this category. The

resulting price-discovery implication is supported by recent evidence from Weller (2015).



3 A Model of Back-Running

This section provides a model of back-running, based on the standard Kyle (1985) model.
For ease of reference, main model variables are tabulated and explained in Appendix A. All

proofs are in Appendix B.

3.1 Setup

There are two trading periods, ¢ = 1 and ¢ = 2. The timeline of the economy is described
by Figure 1. A risky asset pays a liquidation value v ~ N (pg, ) at the end of period 2,
where py € R and ¥y > 0. A single “fundamental investor” learns v at the start of the
first period and places market orders x; and x5 at the start of periods 1 and 2, respectively.
Noise traders’ net demands in the two periods are u; and ug, both distributed N (0, 02), with
o, > 0. Random variables v, u; and us are mutually independent. Asset prices p; and ps
are set by a competitive market maker who observes the total order flow at each period,
and yo, and sets the price equal to the posterior expectation of v given public information.
The main difference from a standard Kyle model is that there is a “back-runner ” who can
extract private information from public order flows and trades on this private information in
period 2. We call this trader a back-runner instead of a “front-runner” to highlight that his
information is learned from past order flows, not endowed ex ante. Specifically, after seeing

the aggregate period-1 order flow
Y1 = 21+ U, (1)

which is public information in period 2, the back-runner observes a signal about the funda-

mental investor’s period-1 trades x; as follows:
S=x + ¢, (2)

where € ~ N (0, 02) is independent of all other random variables (v, u; and uy). Parameter o.
controls the information quality of the signal s—a larger o, means less accurate information
about z;. In particular, we allow o, to take values of 0 or oo, which respectively corresponds
to the case in which s perfectly reveals x; and the case in which s reveals nothing about x.

After receiving the signal s, the back-runner places a market order dy in period 2. As a

result, the market maker receives an aggregate order flow

Y2 = T + da + us. (3)



Figure 1: Model Timeline

t=1 t=2 time
e Fundamental investor observes o All agents see the date-1 price p,
v and submits order flow x; o Back-runner observes s = x; + ¢
 Noise traders submit order flow u, and submits order flow d,,
e Market maker observes total order 4 ndamental investor submits
flow y; = x; + u, and sets the order flow x,
price p, « Noise traders submit order flow wu,

e Market maker observes total order
flow y, = x, + d, + u, and sets
the price p,

o Payoff is realized and agents
consume

Since during period 1 the back-runner has no private information and does not send any
order.

The weak-form-efficiency pricing rule of the market maker implies

p1=E (vly1) and po = E (v|y1,52) . (4)

At the end of period 2, all agents receive their payoffs and consume, and the economy ends.

A discussion of information structure. We emphasize that observing a signal of period-
1 informed order is equivalent to observing a signal of period-1 noise trading, or a combination
of both. For example, suppose that the back-runner’s signal is ' = ayx1 + asuq + ase’, where
ay,as # ay, and a3 are constants, and £’ is the noise in the signal. Because the aggregate order

flow ¥ = x1 +wy is publicly observable, the back-runner infers asy; — s = (as — ay)x; — ase’,

70,26/
az—ay’

equivalently 1 + =25 Letting ¢ =

s, we see that the back-runner converts the signal

s’ into a signal of the fundamental investor’s period-1 order flow of the form (2).
In practice, a back-runner has a number of ways to obtain the signal s, and here are
two stylized examples. First, execution algorithms used by institutional investors may leave

“footprints” that are subsequently detected by more sophisticated algorithms. As an ex-



tremely simple example, consider a “time-weighted average price” (TWAP) algorithm that
splits a large order of 50,000 shares into 500 small orders of 100 shares each and submits
one small order every second. Such an execution strategy is detectable by another algorithm
due to the regularity of the timing and quantity of the series of orders (also see Easley,
de Prado, and O’Hara (2012) for a discussion of this point). The second example is that the
back-runner could take advantage of the behavior biases of individual investors to collect
order-flow information about noise trading w;, which can be translated into a signal of x;
given y; = x1 + u;. Bhattacharya, Holden, and Jacobsen (2012) find evidence that “stock
traders focus on round numbers as cognitive reference points for value.” To the extent that
individual investors are more likely than computer algorithms to anchor on round numbers,
the clustering of trading volume or limit orders near round numbers could be a signal of the
degree of uninformed noise trading. Of course, in reality the algorithms used by back-runners
are much more complicated and less understood than those discussed here, but the intuition
is similar.

It should be noted that back-running strategies are not restricted to high-frequency trad-
ing. Harris (2013) remarks: “The successful implementation of this strategy (order anticipa-
tion) depends less on low-latency communications than on high-quality pattern-recognition

algorithms.”

3.2 Equilibrium Definitions

A perfect Bayesian equilibrium of the trading game is given by a strategy profile
{LCT (U) 7'1:3 <U7p1, ZL’1> 7d§ (57p1) 7p>{ (yl) 7p§ (ylu y2>} 9

that satisfies:

1. Profit maximization:

xhy € argmax F [xg (v — po) v, p1, x1]
2
d; € arg rrbaXE [da (v —p2)|s,p1],
2

and x] € argmax E [z (v —p1) + 25 (v — po) |v].
1

2. Market efficiency: p; and py are determined according to equation (4).



Note that in the perfect Bayesian equilibrium, we allow mixed strategies, that is, in
principle the strategies 7, x5, and d5 could be probability distributions over quantities. It
turns out that in the equilibrium we characterize shortly, x; can involve mixing, but x5 and
dy are both pure strategies.

We will focus on linear equilibria, i.e., the trading strategies and pricing functions are
linear. Formally, a linear equilibrium is defined as a perfect Bayesian equilibrium in which

there exist constants

(51},176@,2>ﬁzlaﬁy175375y17)‘la)‘2) S RS and O 2 07
such that

5

1 = Bua(v—po)+ 2z with z ~ N (0,07), (5)
Ty = P2 (v—p1) = Bua1+ By yr, (6)
dy = 055 — 0y, 01, (7)
(8)
(9)

9

p1 = po+ My with y = 21 + uy,
P2 = p1+ Ay with yo = 29 + da + uy,

where z is independent of all other random variables (v, uy, ug, €).

Equations (5)—(9) are intuitive. Equations (5)—(7) simply say that the fundamental
investor and the back-runner trade on their information advantage. Importantly, our spec-
ification (5) allows the fundamental investor to play a mixed strategy in period 1. We
have followed Huddart, Hughes, and Levine (2001) and restricted attention to normally dis-
tributed z in order to maintain tractability. If o, = 0, the fundamental investor plays a
pure strategy in period 1, and we refer to the resulting linear equilibrium as a pure strategy
equilibrium. If o, > 0, the fundamental investor plays a mixed strategy in period 1, and we
refer to the resulting linear equilibrium as a mized strateqy equilibrium. As we show shortly,
by adding noise into her orders, the fundamental investor limits the back-runner’s ability to
infer 1 and hence v. To an outside observer, the endogenously added noise z may look like
exogenous noise trading.

Although in principle the fundamental investor and the back-runner can play mixed
strategies in period 2, we show later that using mixed strategies in period 2 is suboptimal in
equilibrium. Thus, the linear period-2 trading strategies specified in equations (6) and (7)

are without loss of generality. They are also the most general linear form, as each equation

10



spans the information set of the relevant trader in the relevant period. Note that at this
stage we do not require that 3,,, B,,, 05 or d,, be positive, although in equilibrium they will
be positive. (One can also show that the back-runner does not wish to play a mixed strategy
in period 1.)

Equation (6) has three terms. The first term (3,2 (v — p1) captures how aggressively the
fundamental investor trades on her information advantage about v. The other two terms
— Bz w1 and By, y; say that the fundamental investor potentially adjusts her period-2 market
order by using lagged information x; and y;. Because the back-runner generally uses y; and
his signal s about x; to form his period-2 order (see equation (7)), the fundamental investor
takes advantage of this predictive pattern by using x; and y; in her period-2 order as well.

In equilibrium characterized later, the conjectured strategy in equation (7) can also be
written alternatively as:

dy = o [E(v]s,11) — E(v]yr)], (10)

for some constant o > 0 (see Appendix B.1 for a proof). That is, the back-runner’s order
is proportional to his information advantage relative to the market maker’s. By the joint
normality of s and y;, this alternative form implies that dy is linear in s and y;. We
nonetheless start with (7) because it is the most general and does not impose any structure
as (10) does. We start with equation (6) for a similar reason.

The pricing equations (8) and (9) state that the price in each period is equal to the
expected value of v before trading, adjusted by the information carried by the new order
flow. Although the conjectured p, may in principle depend on ¥4, in equilibrium p; already

incorporates all information of y;.> Thus, we can start with (9).

3.3 Equilibrium Derivation

We now derive by backward induction all possible linear equilibria. Along the derivations,
we will see that the distinction between pure strategy and mixed strategy equilibria lies
only in the conditions characterizing the fundamental investor’s period-1 decision. Explicit

statements of the equilibria and their properties are presented in the next subsection.

Fundamental investor’s date-2 problem. In period 2, the fundamental investor has

information {v, p, x1}. Given A\; # 0, which holds in equilibrium, the fundamental investor

SStrictly speaking the most general form is pa = p1 + A2 [y2 — E(y2|y1)]. But in equilibrium we can show
that E(y2|y1) = 0, so the more general form reduces to (9).

11



can infer y; from p; by equation (8). Using equations (7) and (9), we can compute
E s (v = pa) [v,p1,21] = =Aaa3 + [0 = p1 = Ay (8521 — by, 51)] @ (11)

Taking the first-order-condition (FOC) results in the solution as follows:

_vmn %
To = 2/\2 2$1+ 2y1. (12)

The second-order-condition (SOC) is®

Equation (12) also implies that the fundamental investor optimally chooses to play a pure
strategy in equilibrium, which verifies our conjectured pure strategy specification (6).
Comparing equation (12) with the conjectured strategy (6), we have

0 Oy,

1 s
ng = 2_)\27/83:1 = E and 5;;1 = 7 (14)

Let mpo = x9 (v — p2) denote the fundamental investor’s profit that is directly attributable

to her period-2 trade. Inserting (12) into (11) yields

[v—p1 — Ay (0521 — 5y1y1)]2
4 '

E(mralv,pr,21) = (15)
Back-runner’s date-2 problem. In period 2, the back-runner chooses dy to maximize
E(7p2ls, p1), where

7TB’2 = d2 (U — pg) . (].6)

Using (6) and (9), we can compute the FOC, which delivers

(L= 2aBu2) E(v—pals,y1) — XaBy 1 + AoBe, E (1], 41)
dy = | (17)
2

The SOC is still Ay > 0, as given by (13) in the fundamental investor’s problem. Again,

equation (17) means that the back-runner optimally chooses to play a pure strategy in a

6The SOC cannot be Ay = 0, because otherwise, we have ps = p; = pg + AMy1 = po + A1 (z1 +uyq), and
thus E (pa2|v) = po + A1x1, which means that the fundamental investor can choose z1 and x5 to make infinite
profit in period 2. Thus, in any linear equilibrium, we must have Ay > 0.

12



linear equilibrium.

We then employ the projection theorem and equations (2), (1), and (5) to find out the
expressions of E (v — p1|s,y1) and E (x1]s,y;), which are in turn inserted into (17) to express
ds as a linear function of s and y;. Finally, we compare this expression with the conjectured

strategy (7) to arrive at the following two equations:

Bu1% oz’
) (1—>\25v,2)5312—10+003+)‘25f“ (82, 50+02) " +os 2 4oy
s 2)\2 ’
A (= Xofua) + A
S = —O 4 1 (1=~ Aobha) Aol
O-E 2)\2

Using (14), we can further simplify the above two equations as follows:

052

5 (BiaTerod) torteel? B,y1% (18)
S - 05_2 5 . ,
e ( ; 120-&-02)71—1—0;24_0;2 A2 (ﬁv,lzo + UZ)
A1 402
J = oy 55 <. o
R VPR P o)

Market maker’s decisions. In period 1, the market maker sees the aggregate order flow

y1 and sets p; = F (v|y1). Accordingly, we have \; = Cvosquyz’lu)) By equation (5) and the
projection theorem, we can compute
_ Cov(v,y1) Bu,120

A=

= . 20
Var (y) 32,30+ 02+ 02 (20)

Similarly, in period 2, the market maker sees {y1, y2} and sets p, = E (v|y1,y2). By equations
(6), (7), and (14) and applying the projection theorem, we have

Cov (Ua 3/2|yl)

A pr—
’ Var (y2)y1)

L_i_&_gﬁ Z B 51},120[(ﬁ+%ﬁv,l)ﬁu7lzo+%o’g]
= Pa T 2701) 0 2 SotoiTan (21)

2
2 1 4 4s 9s 52
Loy 5_55 Yo+ %2 52 +8.024 02— [<2A2+ 2 6“*1)5“'12” 2 ”Z]
22 2 Mv,1 0 4 7z sYe u 531204_034_05

Fundamental investor’s date-1 problem. We denote by 7p1 = x1 (v — py) the funda-

mental investor’s profit that comes from her period-1 trade. In period 1, the fundamental
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investor chooses x; to maximize

[v —p1— A2 (63331 - 5y1y1)]2

DY)

E(rp1+ mpalv) =x1E (v —pijv) + E

where the equality follows from equation (15). Using (8), we can further express E (mp1 + Tr2|v)

as follows:

1

AL+ Aals — Aody, )’
E(mp1+mpalv) = — [)\1_< 1 2 20y,) ]xQ

4
A+ AoBs — Aob,
. 2 2 o 2
+(U pO) + O-u ()\1 /\25341) ) (22)
4\

Depending on whether the fundamental investor plays a mixed or a pure strategy (i.e.,

whether o, is equal to 0), we have two cases:

Case 1. Mixed Strategy (o, > 0)

For a mixed strategy to sustain in equilibrium, the fundamental investor has to be indif-

ferent between any realized pure strategy. This in turn means that coefficients on 2?2 and

in (22) are equal to zero, that is,

()\1 + )\255 - )\25y1)2 —0and 1 — )\1 + )\255 B )‘25y1 = 0.

4)\2 2)\2

AL —

These two equations, together with equation (19), imply

ol

(23)

)\1 = )\2 and 65 = 102
1 + 30%

Case 2. Pure Strategy (o, = 0)
When the fundamental investor plays a pure strategy, z = 0 (and o, = 0) in the conjec-

tured strategy, and thus (5) degenerates to 1 = 5,1 (v — po). The FOC of (22) yields

1 _ >\1+)\255_>\25y1
22

T1 =
! ()\1+)\265—)\25y1)2

] (v—po),

14



which, compared with the conjectured pure strategy x; = 3,1 (v — po), implies

1— A1+A26s—A2dy,
s = 21
v,1 — 27 *
2\, — (A1+)\255*)\25y1>
1 4Xs

The SOC is
A4 Aads — Aody, )’

4Ny

A — ( > 0. (25)

3.4 Equilibrium Characterization and Properties

A mixed strategy equilibrium is characterized by equations (14), (18), (19), (20), (21), and
(23), together with one SOC, Ay > 0 (given by (13)). These conditions jointly define a
system that determine nine unknowns, o, By.1, Bv.2, Ba1» Bys» Oss Oys » A1, and A The following

proposition formally characterizes a linear mixed strategy equilibrium.

Proposition 1 (Mixed Strategy Equilibrium). Let v = . If and only if v < # ~

0.175, there exists a linear mized strateqy equilibrium, and it is specified by equations (5)—(9),

where

o — o (14 442) (1 — 3292 — 16+4)
° (3 +472) (13 + 4072 + 1694)’

1—492 — 3—}-47)—

ﬁv,l = \/—\/ 3"’47 )

ﬁv 120
A = >0
! Az = B2 %o +02+02
1 4 1 — 4~26,
Buo = 2—)\2,55 = W#% =3
O Oy
By = B and By, = %

When it exists, this equilibrium is the unique linear mized strategy equilibrium.

To illustrate the intuition of the equilibrium strategies, it is useful to explicitly decompose

dy as follows:

dy = 65(x1 4+ €) — 0y, (1 + u1) = (65 — 0y, )T1 + 658 — Oy s
=T + 655 - 5y1u1 = ﬁv,l(v - pO) + (556 + Z) - 5y1u17 (26)
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where we have used the fact that 6; — é,, = 1 in equilibrium. Equation (26) says that the
back-runner’s order dy consists of three parts. The first part is the fundamental investor’s
order z; in period 1. The second part, d,¢ + z, reflects the imprecision of his signal, caused
by both the exogenous noise ¢ in his signal-processing technology and the endogenous noise
z added by the fundamental investor. The third part, —d,,u;, says that the back-runner
trades against the period-1 noise demand u;, which is profitable in expectation because the
back-runner can tell z; from wu; better than the market maker does. Note that equation (26)
should be read as purely as a decomposition but not the strategy used by the back-runner,
as v, €, z, and u; are not separately observable to him.

In the mixed strategy equilibrium, xq, x5, v — pg, and v — p; need not always have the
same sign. For example, if v > py but z is sufficiently negative, the fundamental investor
ends up selling in period 1 (with z; < 0), before purchasing in period 2 (x5 > 0). While
such a pattern in the data may raise red flags of potential “manipulation” (trading in the
opposite direction of the true intention), it could simply be part of an optimal execution
strategy that involves randomizing.

Proposition 1 reveals that a mixed strategy equilibrium exists if and only if the size
0. of the noise in the back-runner’s signal is sufficiently small relative to o,. This result
is natural and intuitive. A small 0. implies that the back-runner can observe x; relatively
accurately. The back-runner will in turn compete aggressively with the fundamental investor
in period 2, which reduces the fundamental investor’s profit substantially. Worried about
information leakage, the fundamental investor optimally plays a mixed strategy in period
1 by injecting an endogenous noise z into her order x;, with o, uniquely determined in
equilibrium. This garbled z; limits the back-runner’s ability to learn about v. In other
words, if the back-runner’s order-parsing technology is accurate enough, randomization is
the fundamental investor’s best camouflage.

Conversely, if o, is sufficiently large already, the fundamental investor retains much of
her information advantage, and further obscuring x; is unnecessary. In this case a linear
pure strategy equilibrium, characterized shortly, would be more natural.

Looked another way, all else equal, the mixed strategy equilibrium obtains if and only
if o, is sufficiently large. Traditional Kyle-type models would not generate this result, as
noise trading provides camouflage for the informed investor. In our model, however, a large
o, confuses only the market maker, not the back-runner. Thus, more noise trading implies
a higher profit for the fundamental investor and hence a stronger incentive to retain her

proprietary information by adding noise. A natural implication of this observation is that
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the exogenous noise o, reinforces the endogenous noise o,.

The threshold value for the existence of the mixed strategy equilibrium in our two-period
model is 0./, ~ 17.5%; whether it is large or small is an empirical question. In a model
with more periods, one would expect this threshold to increase, because the fundamental
investor has more time to trade on her information and hence has a stronger incentive to
prevent information leakage. Such N-period extension turns out to be intractable due to
the path dependence of the strategies. That said, we have solved a simpler two-period
extension in which Var (u;) < Var (uz), a specification that is previously used by Brunner-
meier (2005). The larger noise-trading variance in the second period is meant to represent
a longer trading interval (e.g., one hour versus one minute) or a larger market (multiple
exchanges versus a single exchange). In this extension, not reported to conserve space, we

find that mixed strategies indeed apply more often if Var (uz) /Var (uy) is larger. For ex-

ample, if /Var (uz) /Var (u;) = 2, the threshold for mixed strategy equilibrium satisfies
o./\/Var(uy) = 0.44; and if \/Var (uz) /[Var (v;) = 5, the threshold for mixed strategy
equilibrium satisfies o./+/Var(u;) = 0.49.

Now we turn to pure strategy equilibria. In a pure strategy equilibrium, we have o, = 0.
This type of equilibrium is characterized by equations (14), (18), (19), (20), (21), and (24),
together with two SOC’s, (13) and (25). These conditions jointly define a system that

determine eight unknowns, B, 1, 8,2, Bz, Byrs 0ss 0yr, A1, and Ay, The following proposition

formally characterizes a linear pure strategy equilibrium.

Proposition 2 (Pure Strategy Equilibrium). A linear pure strategy equilibrium is char-

acterized by equations (5)-(9) with o, = 0 as well as the following two conditions on

Oy

Bu1 € (07 Vorl R
(1) 2, solves the 7" order polynomial:

F(B21) = ArB)1 + ABy3 + AsBiy + AuBy 1 + AsBoy + Aoy + Ao, + Ag = 0,

where the coefficients A’s are given by equations (B14)-(B21) in Appendiz B; and
(2) The following SOC (i.e., (25)) is satisfied:

(A1 + Aabs — Aody, )’

/\_
! 4o

> 0,
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where A1, A2, s, and 6, are expressed as functions of 5,1 as follows:

)\ — /81),120
' B350 + o2’

\ 5 (204 + 402 + 50202) X5 B, 1 + (8020t + 5o0?) Yofy 1 + dojol
2 = 0 )

( 37120 + 03) (30320@371 + 403205371 + 40303)2

5. — 51;,12005
’ X2 [(302 + 402) $oB2, 4 40202]’

5 _ i B 403

v 3/\2 30’2 ¥

Propositions 1 and 2 respectively characterize mixed strategy and pure strategy equilib-
ria. The following proposition provides sufficient conditions under which either equilibrium

prevails as the unique one among linear equilibria.

Proposition 3 (Mixed vs. Pure Strategy Equilibria). If the back-runner has a sufficiently
precise signal about xy (i.e., o2 is sufficiently small), there is no pure strategy equilibrium,
and the unique linear strategqy equilibrium is the mized strateqy equilibrium characterized
by Proposition 1. If the back-runner has a sufficiently noisy signal about xy (i.e., o2 is
sufficiently large), there is no mized strategy equilibrium, and there is a unique pure strategy

equilibrium characterized by Proposition 2.

Given Proposition 1 and the discussion of its properties, the mixed strategy part of
Proposition 3 is relatively straightforward. The existence of a pure strategy equilibrium
for a sufficiently large o, is also natural, as in this case the back-runner’s signal has little
information and does not deter the fundamental investor from using a pure strategy. In fact,
as 0. — oo our setting degenerates to a standard two-period Kyle (1985) setting, and the
unique linear equilibrium in our model indeed converges to the pure strategy equilibrium of

Kyle (1985). This result is shown in the following corollary.

Corollary 1. As 0. — oo, the linear equilibrium in the two-period economy with a back-

runner converges to the linear equilibrium in the standard two-period Kyle model.

Proposition 3 analytically proves the uniqueness of a linear equilibrium only for suf-
ficiently small or sufficiently large values of o2. It would be desirable to generalize this
uniqueness result to any value of o., but we have not managed to do so due to the com-

plexity of the 7% order polynomial characterizing a pure strategy equilibrium in Proposition
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2. In particular, given Proposition 1, a reasonable conjecture is that the boundary between

pure and mix strategy equilibria is at Z= = \/2177_4

. This conjecture, albeit not formally

V17—-4
2

proven, seems to hold numerically. That is, if 7= < , only a mixed strategy linear

ey . . . V17—4
equilibrium exists, and if 2= > Y=
u

way, the linear equilibrium seems unique for all parameter values.

, only a pure strategy linear equilibrium exists. Either

Propositions 1 and 2 suggest the following three-step algorithm to compute all possible

linear equilibria:

Step 1: Compute all the positive root of the polynomial f ( 31) = 0 in Proposition 2. Retain

the values of 3,1 € <0, "go

} to serve as candidates for a pure strategy equilibrium.
Step 2: For each (3, retained in Step 1, check whether the SOC in Proposition 2 is satisfied.
If yes, then it is a pure strategy equilibrium; otherwise, it is not.

V174
2

Step 3: If =< , employ Proposition 1 to compute a mixed strategy equilibrium.

Figure 2 plots in solid lines the equilibrium trading strategies of the fundamental investor
and the back-runner as functions of 0., where we set o, = 10 and ¥y = 100. As a comparison,
the dashed lines show corresponding strategies in the standard two-period Kyle model with-
out the back-runner. The first panel confirms that o, > 0 if and only if 0. < 0.1750, = 1.75.
Also, when o, < 1.75, the equilibrium value of o, decreases with o.. That is, when there
is more exogenous noise in the back-runner’s signal, the fundamental investor endogenously
injects less noise into her own period-1 orders. This result points out a new channel—i.e.,
the amount of noise in the back-runner’s signal—that determines whether a mixed strategy
equilibrium or a pure strategy one should prevail in a Kyle-type auction game.

The other panels in Figure 2 are also intuitive. For instance, 3,1 decreases with o in the
mixed strategy regime, but increases with o. in the pure strategy regime. This is because
in the mixed strategy regime, as o. increases, the fundamental investor adds less noise z
to her order; to avoid revealing too much information to the back-runner, she trades less
aggressively on v in period 1. In contrast, in the pure strategy equilibrium, as o. increases,
the fundamental investor knows that the back-runner will learn less from her order due to
the increased exogenous noise ¢, and so she can afford to trade more aggressively in period
1. The intensity 3,1 with order-flow information is smaller than its counterpart without
order-flow information in a standard Kyle model.

An interesting observation is that 3, o is hump-shaped in o., but the peak obtains when

o. is substantially above 0,/ v/17 —4/2. This is a combination of two effects. First, (3,2
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Figure 2: Implications for Trading Strategies

1.24
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This figure plots the implications of back-running for trading strategies of the fundamental investor and the
back-runner. In each panel, the blue solid line plots the value in the equilibrium of this paper, and the
dashed red line plots the value in a standard Kyle economy (i.e., 0. = 00). The horizontal axis in each panel
is the standard deviation o, of the noise in the back-runner’s private signal about the fundamental investor’s
past order. The other parameters are: o, = 10 and 3y = 100.

should have a negative relation with 3,1, as the fundamental investor smoothes her trades
across the two periods. Thus, the U-shaped 3, leads to a hump-shaped 3,2. Second,
the fundamental investor also faces competition from the back-runner in the second period,
and as o, increases, this competition is less intense, so that the fundamental investor can
afford to trade more aggressively on her private information. The second competition effect,
adding to the first smoothing effect, implies that the hump-shaped f,2 achieves its peak
above o,/ V17 — 4/2.

It is straightforward to understand that ¢, decreases with o.: A higher value of o, means

that the back-runner’s private information s is less precise, and so he trades less aggressively
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on this information.

4 Implications of Back-Running for Market Quality
and Welfare

In this section we discuss the positive and normative implications of back-running, including
price discovery, market liquidity, and the trading profits (or losses) of various trader types.
Because these measures are proxies for market quality and welfare, our analysis generates
important policy implications regarding the use of order-flow informed trading strategies.
We first examine the behavior of positive variables that represent market quality. In
the microstructure literature, two leading positive variables are price discovery and market
liquidity.” Price discovery measures how much information about the asset value v is revealed
in prices p; and py. Given price functions (8) and (9), prices are linear transformations of
aggregate order flows y; and 5, and thus the literature has measured price discovery by the

market maker’s posterior variances of v in periods 1 and 2:
¥ =Var (v|lyr) and Xe = Var (v|ys, y2) -

A lower ¥; implies a more informative period-t price about v, for ¢t € {1,2}. Price discovery
is important because it helps allocation efficiency by conveying information that is useful for
real decisions (see, for example, O’Hara (2003) and Bond, Edmans, and Goldstein (2012)).

In Kyle-type models (including ours), market liquidity is measured by the inverse of Kyle’s
lambda (A\; and \y), which are price impacts of trading. A lower \; means that the period-t
market is deeper and more liquid. One important reason to care about market liquidity is
that it is related to the welfare of noise traders, who can be interpreted as investors trading
for non-informational, liquidity or hedging reasons that are decided outside the financial
markets. In general, noise traders are better off in a more liquid market, because their
expected trading loss is (A\; + A2) 02 in our economy.

Next, the normative variables are the payoffs of each group of players in the economy, that
is, the expected profit E (7r1 + mp2) of the fundamental investor, the expected profit E(mp 2)
of the back-runner, and the expected loss (A; + A2) 02 of noise traders. This approach allows

us to discuss who wins and who loses as a result of a particular policy. In practice, investors’

"For example, O’Hara (2003) states that “Markets have two important functions—liquidity and price
discovery—and these functions are important for asset pricing.”
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trading motives range from fundamental analysis to liquidity shocks (e.g., client withdrawal
from mutual funds or hedge funds). Our fundamental investor can be viewed as investors
trading for informational reasons, and noise traders as those trading for liquidity reasons.
The back-runner is more in line with broker-dealers or HFTs who employ sophisticated
trading technology and may possess superior order-flow information. If the regulator wishes
to protect liquidity-driven traders, the welfare of noise traders would be the relevant measure.
If the regulator wishes to protect investors who acquire fundamental information, then the
informed profit E (7p1 + mp2) would be a relevant measure.

The following proposition gives a comparison between two “extreme” economies: the
economy with . = 0 and the one with 0. = oo (i.e. the standard Kyle setting). For instance,
the first economy corresponds to one in which back-runners are able to extract very precise
information about the past orders submitted by large institutions. The second economy may
represent one in which institutional investors manage to hide order-flow information almost
completely (or an economy in which back-runners do not participate in the market, due to
high technological costs or strict regulations). In the proposition, we have used superscripts

“0” and “Kyle” to indicate these two economies.

Proposition 4 (Perfect Order-Flow Information vs. Standard Kyle). In the two-period
setting, the following orderings apply:

o) > TV E) < mpve
A< A NS > AR
0 Kyl 0 Kyl
E(r3,) < E <77Fﬁ’ 6) VE (mp,) < E <7ng e) and

(N +29) 02 < (A{@le + /\fyle> o2,

The positive implications in Proposition 4 are in sharp contrast to those presented by
Huddart, Hughes, and Levine (2001), although both studies consider a comparison between
an economy featuring a mixed strategy equilibrium and a standard Kyle economy. In Hud-
dart, Hughes, and Levine (2001), the market maker perfectly observes the past order placed
by an informed trader. They find that market liquidity and price discovery unambiguously
improve in both periods of their economy relative to a standard Kyle setting (i.e., their
A1, A2, X4, and 3y are all smaller than the Kyle setting counterparts). In contrast, in our
setting, the market maker does not observe the informed fundamental investor’s past trade
x1; it is the back-runner who does, with some noise. As a result of the endogenous noise z

placed by the fundamental investor in the mixed strategy and her more cautious trading on
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Figure 3: Implications for Positive Variables
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This figure plots the market quality implications of back-running. In each panel, the blue solid line plots the
value in the equilibrium of this paper, and the dashed red line plots the value in a standard Kyle economy
(i.e., 0 = 00). The horizontal axis in each panel is the standard deviation o. of the noise in the back-
runner’s private signal about the fundamental investor’s past order. The other parameters are: o, = 10 and
¥ = 100.

fundamental information (i.e., a smaller j3, ), the first-period price discovery is harmed by
back-running in our setting (i.e., 39 > Efyle). The presence of perfect information about
past order flows also worsens the second period market liquidity relative to the standard
Kyle setting (i.e., A > A\3¥*). This is again opposite to the effect of publicly revealing the
informed orders in period 1, as in Huddart, Hughes, and Levine (2001).

Figures 3 and 4 respectively plot in solid lines the positive and normative implications
as we continuously increase o. from 0 to co. The other two exogenous parameters are the

same as those in Figure 2 (o, = 10 and ¥, = 100). The dashed lines plot the corresponding
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variables in a standard two-period Kyle model without the back-runner.

In Figure 3, we see that ¥; is hump-shaped in o., with the peak at the cutoff 0. =
0.V V17 —4/2. The intuition is as follows. In the first period, only the fundamental in-
vestor’s trade brings information about v into the market. Since her trading sensitivity £,
on fundamental information is U-shaped in o. (see Figure 2), ¥; should have the opposite
pattern, i.e., hump-shaped. By contrast, > monotonically increases with o. in Figure 3.
This is because in period 2, both the fundamental investor and the back-runner trade on
value-relevant information, and as o. increases, the back-runner’s order brings less informa-
tion about v into the price. Comparing the solid lines to dashed lines, we see that adding
the back-runner harms price discovery in period 1 but improves price discovery in period 2.

The illiquidity measures in both periods, A\; and \g, first decrease and then increase with
o.. Since adverse selection from the fundamental investor is the sole source of price impact
in period 1, it is rather intuitive that A\; has a similar U-shape as 3,1 (see equation (20)).
The period-2 illiquidity measure A, is also U-shaped and opposite to the humped-shaped
Bu.2, by the first-order condition in period 2 (i.e., Ay = 2,3% by (14)).

Comparing the solid lines to dashed lines, we find that back-running generally improves
the first-period market liquidity because the fundamental investor trades less aggressively on
her private information, but its impact on the second-period market liquidity is ambiguous.
Consistent with Proposition 4, back-running worsens the second-period liquidity relative to
the standard Kyle setting, if and only if the back-runner’s order-flow information is suffi-
ciently precise. (In the neighborhood of o. = 0, the solid line is strictly above the dashed
line in the plot for As.) This is due to a combination of two effects. First, adding the
back-runner introduces competition, which makes the period-2 aggregate order flow reflect
more of the fundamental than noise trading. This tends to reduce \s. Second, back-running
also increases the amount of private information, which makes the adverse selection problem
faced by the market maker more severe. This generally tends to increase As. When o, is
small, the back-runner has very precise private information and the second effect dominates,
so that \g is higher than its counterpart in a standard Kyle setting.

The top two panels of Figure 4 plot the fundamental investor’s expected profits in the
two periods, E (mp1) and E (7p2). We observe that E (7p2) monotonically increases with
0.. This result is intuitive: A higher o. means that the fundamental investor faces a less
competitive back-runner in period 2, so her period-2 profit is higher on average. The period-
1 profit E (mp,) first decreases with o. (in the mixed strategy regime) and then increases

with o. (in the pure strategy regime). This U-shaped profit pattern is natural given the
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Figure 4: Implications for Normative Variables
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This figure plots the profits of various groups of traders. In each panel, the blue solid line plots the value
in the equilibrium of this paper, and the dashed red line plots the value in a standard Kyle economy (i.e.,
0. = 00). The horizontal axis in each panel is the standard deviation o, of the noise in the back-runner’s

private signal about the fundamental investor’s past order. The other parameters are: o, = 10 and ¥y = 100.

U-shaped (3,1 pattern in Figure 2. Comparing the solid lines to dashed lines, we clearly see
that back-running lowers the profit of the fundamental investor.

The bottom three panels of Figure 4 present the total profit E (7p1 + 7r2) of the funda-
mental investor, the total loss (A; + A2) 02 of noise traders, and the expected profit F(np )
of the back-runner. All the results are as expected. As o, increases, the back-runner has
less precise private information, and thus E(mps) decreases. Meanwhile, a higher o. also
implies that the fundamental investor faces less competition from the back-runner, and
E (7p1 + 7r2) increases. The U-shaped total loss (A1 + A2) o2 of noise traders is a direct

result of the U-shaped A\; and A, in Figure 3. In general, back-running reduces the loss of
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noise traders (the entire solid line of (A; + A2)o? lies below the dashed line).

5 Information Acquisition

So far, we have taken the information of the fundamental investor and the back-runner as
given. In this section, we explicitly model information acquisition. Besides showing the
robustness of our earlier results, this additional step sheds light on questions like “Does

back-running discourage acquisition of fundamental information?”

5.1 Setup

We add one period, t = 0, before the two-period economy considered in previous sections. At
t = 0, the fundamental investor decides the amount of fundamental information she acquires,
and the back-runner decides the precision of order-flow information he acquires. Specifically,
for the fundamental trader, we follow Admati and Pfleiderer (1989), Madrigal (1996), and
Bond, Goldstein, and Prescott (2010) and assume that the fundamental investor can pay
a cost C'r(¢) upfront to observe the fundamental value v with probability ¢ € (0,1). For
the back-runner, we follow Verrecchia (1982) and Vives (2008) and assume that the back-
runner can pay a cost Cpg (%) upfront to observe a signal s of x; with precision % These
information-acquisition deci;ions are simultaneous. After time 0, the choices of g?) and o,
become public information. In reality, investment in fundamental research, such as hiring
analysts, and investment in advanced trading technology, such as high-speed connections to
exchanges, are usually observable.

To ensure interior solutions of o2 and ¢, we make the standard technical assumptions:
(i) Cp(-) and CF () are increasing and convex; and (ii) Cz (0) = C%(0) = 0,Cp (0c0) =
O (00) =00,CF (0) = Cr(0) =0, and Cr (1) = C% (1) = 0.

For simplicity, we assume that at the beginning of period 1, it becomes public knowledge
whether the fundamental investor has successfully observed v. It is a standard assumption
in Kyle-type models whether such an (fundamentally) informed investor exists. Then, the

subsequent game has two possible outcomes:

1. If the fundamental investor observes v, then the economy is the one that we analyzed

in the previous two sections.

2. If the fundamental investor does not observe v, then as an uninformed investor she

will not trade in either period. As a result, the back-runner will not trade in period 2,
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either, despite receiving the signal of the fundamental investor’s (zero) order flow. In

this case, only noise traders submit orders, and so the price is p; = p, = E (v) = po.

5.2 Analysis and Results

Our objective is to find the equilibrium levels of ¢ and o.. These are determined jointly by
the period-0 maximization problems of the fundamental investor and the back-runner.
Recall that 7z, and 7p2 denote the realized profits of the fundamental investor in dates

1 and 2, respectively. The fundamental investor’s period-0 expected net profit is:

Hpo = ¢FE (tp1 + mr2) — Cr (6),

and her problem is to chose ¢ to maximize Ilz, taking her conjectured equilibrium value of o
as given. Because E (7mr1 + mr2) does not depend on ¢, and given the technical assumption
on CFr (¢), we know that the solution to the fundamental investor’s problem is characterized
by the first-order condition:

E(npy+7r2) = Cr(9).

Now we consider the back-runner’s information acquisition problem. Recall that
TB2 = (U - pz) ds

is the back-runner’s realized period-2 profit. So, his period-0 expected net profit of acquiring

order-flow information is:

HB,O = ¢E (7TB,2) — CB (%) .

3
The back-runner takes the equilibrium value ¢ as given and chooses 0. to maximize IT5.
The back-runner’s choice of o, affects E (mp2) through its effect on the equilibrium

strategies, o, Bv.1, Bv.2; Beis Byr» 0s, 01 » A1 and Ay, Specifically, we can compute

E (m52) = A [(8s — 6,,)7 82,50 + (6, — 8,,)° 02 + 6202 + 62,07 ,

y1-u

and hence

1
Mo = 6Aa [(0 — 650)% 82150 + (6 — 6,)2 02 4+ 8207 + 82.02] — Cip (—) .

€

There is an important complication in the solution to the back-runner’s information-
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acquisition problem. Although this problem has an interior solution, as ensured by the cost
function Cz(-), the optimal choice of o. cannot in general be guaranteed by setting the first-
order derivative to zero. This is because whether the equilibrium has a mixed strategy or a
pure strategy (used by the fundamental investor) depends on o.. As 0. decreases and drops
below the threshold value of (\/+/17 — 4/2)0,, the equilibrium switches from pure strategy
to mixed strategy, giving rise to a kink in £ (75 2). If the optimal value of 0. occurs at the
kink, the first-order condition is characterized by two inequalities rather than an equality.
(This complication does not apply to the fundamental investor’s problem.)

To solve the equilibrium explicitly and numerically, we need explicit functional forms of

Cp and CF. Following Vives (2008), we choose the following parametrization:

1 1\"
C (—2) - (‘2) = kpo "7,
O-E O-E

Cr(9) = ke (%)h

where

k3>0,kp>0,h3>1and hp > 1.

We will conduct comparative statics with respect to parameter kg, which is taken as a proxy
for the cost of acquiring order-flow information. A larger kg means a higher cost.

In order to gain better intuition of the comparative statics, it is useful to first illustrate
the kink in ITg . Figure 5 plots the profit function I1py against o, for kg € {1, 8,15}, in the
three panels. In each panel, ¢ is set to its equilibrium value corresponding to the particular
kg and does not vary with o, since this value of ¢ is the belief of the back-runner at the
information-acquisition stage. But for each o., other equilibrium variables in periods 1 and
2 are determined according to Propositions 1 and 2 for this particular o. (and the fixed
equilibrium value of ¢), because at the information-acquisition stage, the back-runner takes
into account how the fundamental investor and the market maker react in future periods.
As in earlier figures, we set o, = 10 and ¥y = 100. We also set kr = 1 and hp = hg = 2.

In Panel (a), where kg = 8, the optimal o, occurs exactly at the kink. In Panels (bl)
and (b2), where kg = 1 and kp = 15 respectively, the optimal values of o, are found in the
smooth regions. Intuitively, if the information-acquisition cost kg is very high or very low,
the unconstrained optimal o.—the solution without considering the equilibrium switch—is
sufficiently far away from the threshold (1/+/17 — 4/2)0,, so the switch in equilibrium does

not bind, as in Panels (b1l) and (b2). If, however, kp takes an intermediate value, the nature
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Figure 5: Illustration of Possible Kink in Il
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This figure plots IIp o against o, for three values of k. In each panel, ¢ is set to its equilibrium value
corresponding to the particular kg and does not vary with o.. For each o., other equilibrium variables in
periods 1 and 2 are optimized to this particular o.. The red dot is the global maximum. Other parameters:
oy =10,%9 =100,k =1, and hyp = hg = 2.

of equilibrium depends heavily on o.. In the mixed strategy region of Panel (a), i.e. if
o. < (V1T —4/2)a,, the back-runner prefers to acquire less precise information because
the fundamental investor injects noise anyway; but in the pure strategy region of Panel (a),
ie. if 0. > (\/V/17 — 4/2)0,, the back-runner prefers more precise information because the
fundamental investor does not inject any noise. The result is that the unique maximum of
I15 is obtained when o, is exactly at the threshold (1/y/17 — 4/2)0,. As we see shortly, this
corner solution leads to the stickiness in the responses of equilibrium outcomes to changes
in kp.

Now we proceed with describing the comparatives statics. The variables of interest

include:

e Equilibrium values of ¢, 0.,0., By.1, Bv.2, Bars Byis s, 0y, A1 and Ag;
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Figure 6: Equilibrium Strategies and Implications of Information Acquisition
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This figure plots the equilibrium levels of information acquisition, expected profits of various parties, price
discovery, and market illiquidity, as functions of kg. Other parameters: o, = 10,37 = 100,kr = 1, and
hp =hp = 2.

e Equilibrium profits: Iz, and I o, and the expected cost of noise traders Iz + Il o;

e Expected price discovery: ¢pXq+ (1 — ¢) 3y for period 1 and ¢35+ (1 — ¢) X for period
2.
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e Expected illiquidity: ¢A; + (1 — ¢) 0 = ¢, for period 1 and ¢y + (1 — @) 0 = ¢, for
period 2.

where \; and Ay are defined in Propositions 1 and 2, and X»; and Y, are defined at the
beginning of Section 4.

Figure 6 plots the implications of changes in information acquisition cost kg for information-
acquisition decisions, profits of various groups of traders, price discovery, and market illig-
uidity.

An interesting and salient pattern is that all but one of these variables are entirely
irresponsive to changes in kg when kp is in an intermediate range. As discussed earlier, in
this range, the optimal o, is always equal to (1/+/17 — 4/2)0, regardless of k. As a result,
the equilibrium has zero sensitivity to kg, leading to the flat parts of equilibrium variables.

Moreover, we observe that a lower kg weakly reduces ¢, which implies that technology
improvement in processing order-flow information reduces investment in fundamental infor-
mation (top row of Figure 6). A lower cost of acquiring order-flow information leads to a
higher profit of the back-runner but a lower profit of the fundamental investor. The loss
of noise traders, the period-1 price discovery, and the period-1 market liquidity are all non-
monotone in kp. This last result mirrors the patterns in Figures 3 and 4 that these variables
are also non-monotone in o.

Overall, results of the previous sections are robust to information acquisition. A unique
and novel prediction with information acquisition is that equilibrium outcomes can be in-
sensitive to the cost of order-flow information. This insensitivity is the consequence of the

switch between a pure strategy equilibrium and a mixed strategy one.

6 Empirical Relevance

This section discusses how our theory helps interpret recent evidence on the behavior of high-
frequency traders (HFTs). Although back-running is not conducted exclusively by HFTs,
HFTs stand out as the most relevant application in today’s markets. To be conservative,
we shall use the weaker “correlation,” rather than “causality,” interpretation of evidence

discussed in this section.
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6.1 HFT and Institutional Investors

van Kervel and Menkveld (2015) study the trading behaviors of HFTs when large institu-
tional investors execute orders in the Swedish equity market. Using unique datasets that
contain the trading activity of HFTs with identities and a number of institutional investors,
they investigate whether HF Ts take the opposite side of institutional investor order flows
(“lean against the wind”) or trade in the same direction (“go with the wind”).

van Kervel and Menkveld (2015) find that HFTs lean against the wind for the first six
hours of institutional buy orders and for the first two hours of institutional sell orders. Inter-
estingly, if the institutional order lasts more than six hours for buys and more than two hours
for sells, HFTs reverse course and trade in the same direction as the institutional order. For
those orders, HFTs’ inventories eventually end up in the same direction as the institutions.
Moreover, van Kervel and Menkveld (2015) find that institutions’ implementation shortfall®
is higher if HFTs go in the same direction as institutions than if HFTs go opposite with
institutions.

Obviously, it is difficult to map our two-period model to the fully dynamic empirical
setting of van Kervel and Menkveld (2015) in any structural sense. For instance, the back-
runner in our two-period model trades only once, and there is no room for him to reverse
trading direction. Nevertheless, the findings of van Kervel and Menkveld (2015) are consis-
tent with the premise and the predictions of our theory in a few ways. First, the switch from
against-wind trade to with-wind trade is consistent with HF'T learning from order flows. Sec-
ond, for orders that take long to execute, the fact that HF'T's eventually accumulate positions
in the same direction as the institutions is consistent with our model prediction that HFT's
eventually exploit fundamental information that is learned over time. Third, for orders that
take long to execute, the competition from HFTs means a faster price convergence to the
fundamental value in our model, manifested as a higher effective implementation shortfall
for the institutions in the data.

While the Swedish data are the most transparent, HF'T studies in U.S. and Canada find
broadly similar results. Using the NASDAQ HFT data, Tong (2015) finds that an increase

in HFT activities is associated with a higher implementation-shortfall cost of institutions.

8The implementation shortfall measures the extent to which the average transaction price of a large order
is worse than the price at the start of the execution. For example, if an institution’s average purchase price
is $10.05 and the price at the beginning of execution is $10.00, the implementation shortfall is 50 basis
points (10.05/10.00 — 1 = 0.5%). In Kyle-type models, the implementation shortfall of the informed trader
is positive in expectation because his trades gradually reveal information and push the price in the adverse
direction (for the informed trader).
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In the Canadian equity market, Korajczyk and Murphy (2014) find that implementation
shortfalls are higher if HFT's take more liquidity, controlling for the level of activities of
HFTs and designated market makers.

It should be stressed that the above evidence does not conflict with earlier research
findings that “HFT and automated, competing trading venues have substantially improved
market liquidity and reduced trading costs for all investors” (see Jones (2013), who provides
a detailed survey of HFT studies up to March 2013). To see this, note that many HFTs
enter as more efficient market makers than human ones, and the resulting competition re-
duces investors’ transaction costs, especially for small orders. It is the largest institutional
orders that are exposed to back-running strategies. It is our understanding that all HF'T
studies, including those suggesting a negative impact of HF'T on institutional execution per-
formance, fully acknowledge that transaction costs have declined substantially in the past
ten years when HFTs have been playing an increasingly important role in equity markets.
Similarly, many proponents of HF'T's acknowledge that not all HF'T strategies help investors.
Back-running merits an in-depth study because it is a salient example of controversial HF'T

practice.

6.2 HFT and Price Discovery

An important implication from our analysis of market quality is that the fundamental in-
vestor’s reduced trading intensity and camouflage by injecting noise into order flows delay
price discovery. Recent evidence from Weller (2015) is consistent with this prediction. Using
data from SEC’s Market Information Data Analytics System (MIDAS), Weller (2015) links
proxies of algorithmic trading to measures of price discovery before earnings announcements.
His proxies to algorithmic trading include odd lots, trade-to-order ratio, cancellation-to-
trade ratio, and trade size. His measure of price discovery is defined as the “jump ratio”
ApT=1T+2) JApT=22T+2  wwhere T is the earnings announcement date and Ap®*1+2) is the
stock return from day ki to day ky after adjusting for Fama-French three factors. A larger
jump ratio means that a smaller fraction of price change happens before earnings announce-
ment, i.e., a worse price discovery. The main finding of Weller (2015) is that more active
algorithmic trading is associated with a larger jump ratio, hence worse price discovery before
earnings announcements. This evidence supports our model prediction that back-running
delays price discovery, at least in days before earnings announcements.

We emphasize that the theoretical prediction that back-running delays price discovery

is not inconsistent with the existing literature on HFT and price discovery. For example,
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Brogaard, Hendershott, and Riordan (2014) find that HFTs “facilitate price efficiency by
trading in the direction of permanent price changes and in the opposite direction of tran-
sitory pricing errors,” although HFTs’ information advantage lasts only for a few seconds.
The directions of HF'T trades are correlated with public information such as macroeconomic
data releases and limit order book imbalances. Their evidence suggests that HFTs’ infor-
mation advantage could come from their superior ability to process various kinds of public
information. Since the back-runner in our model parses public order flows better than others,
the back-runner’s behavior in our theory is in fact highly consistent with the evidence from
Brogaard, Hendershott, and Riordan (2014). Precisely because HFTs are good at parsing
public information, including order flows, the fundamental investor in our model releases less
information to prices.

Separately, Hirschey (2013) documents that aggressive HFT orders predict non-HFT
orders in the immediate future, and he interprets this result as consistent with the hypothesis
that HF'T's make money partly “by identifying patterns in trade and order data that allow
them to anticipate and trade ahead of other investors’ order flow” —which, again, is precisely

back-running.

7 Conclusion

Order-flow informed trading is a salient part of modern financial markets. This type of
trading strategies, such as order anticipation, often starts with no innate trading motive,
but instead seeks and exploits information from other investors’ past order flows. We refer
to such strategies as back-running. While back-running has long existed in financial markets,
its latest incarnation in certain high-frequency trading strategies caused renewed and severe
concerns among investors and regulators.

In this paper we study the strategic interaction between back-runners and fundamental
informed investors. In our two-period model, which is based on Kyle (1985), a back-runner
observes, ex post and potentially with noise, the executed trades of the informed investor
in period 1. The informed order flow thus provides a signal to the back-runner regarding
the asset fundamental value. Using this information, the back-runner competes with the
informed investor in period 2. While simple, this model structure parsimoniously captures
the key idea of back-running.

Our first main contribution is the characterization of equilibrium in this market, in par-

ticular the switch between a mixed strategy equilibrium and a pure strategy one, depending
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on the precision of the back-runner’s signal. If the back-runner’s signal is sufficiently pre-
cise, the fundamental investor hides her information by endogenously adding noise into her
period-1 order flow, leading to a mixed strategy equilibrium. The more precise is the order-
flow signal, the more volatile is the added noise. If the back-runner’s signal is sufficiently
imprecise, the equilibrium is a pure strategy one, in which the fundamental investor adds
no endogenous noise in her order flows. In these cases with high or low precision, we prove
uniqueness of equilibrium in linear strategies. If the back-runner’s signal takes intermediate
values, we are unable to find a tractable way to characterize the equilibrium. That said,
numerically, we always find a cutoff precision level at which the equilibrium switches from a
pure strategy one to a mixed strategy one.

Our second main contribution is to identify the effects of back-running on market quality.
Because the fundamental investor trades more cautiously and potentially adds noise into her
period-1 orders, the presence of the back-runner harms price discovery in the first period. In
the second period, however, price discovery is improved because of competition. Effects on
market liquidity, measured by the inverse of Kyle’s lambda, are mixed: Liquidity improves
in the first period but can either improve or worsen in the second period.

Our main results are robust to endogenous information acquisition. Additionally, we
find that a lower cost of acquiring order-flow information reduces the fundamental investor’s
incentive to acquire fundamental information.

Recent evidence on high-frequency trading supports our theoretical results. Since back-
running is one of high-frequency trading strategies, our results should not be interpreted as
a one-size-fits-all characterization of all HFTs, especially market-making HFTs. That said,
our results are still highly relevant because back-running is arguably the most controversial
HFT practice and continues to cause concerns among investors and regulators.

While our model is made as simple and parsimonious as possible, a couple of extensions
could be entertained. First, one could allow multiple informed investors and multiple back-
runners. We expect that the additional informed investors create a free-riding problem and
weaken the incentives to add noise to their period-1 strategies, but the additional back-
runners increase the risk of information leakage for informed investors and encourage them
to add more noise in the first period. A second possible extension is to write a dynamic
back-running model with more than two periods. A challenge of this extension is history-
dependence, that is, strategies in period ¢ can potentially depend on variables in periods 1,
2, ..., t — 1. These extensions, while potentially interesting, are unlikely to change our main

results, and we leave them for future research.
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Appendix

A List of Model Variables

Variables Description

Introduced in Section 3
Exogenous Variables

v Asset liquidation value at the end of period 2, N (pg, %)

Do, 20 Prior mean and variance of the asset value

S, € Signal observed by the back-runner, and its noise component
Uy, Us Noise trading in periods 1 and 2

o2 Variance of noise trading in periods 1 and 2

0. Noise in back-runner’s signal of x

Endogenous Variables

X1, T Orders placed by the fundamental investor in periods 1 and 2

z Noise component in the period-1 order z; of the fundamental investor

o, Standard deviation of the noise component z in the period-1 order z;
placed by the fundamental investor

ds Order placed by the back-runner in period 2

Y1, Y2 Aggregate order flows in periods 1 and 2

D1, P2 Asset prices in periods 1 and 2

Y1, % Posterior variance of the asset value in periods 1 and 2 (i.e., Var (v|y;)
and Var (v|yr, y2))

TE1, TF2 Fundamental investor’s profits attributable to trades in periods 1 and 2

TB2 Back-runner’s profit in period 2

Introduced in Section 5

) Fundamental investor’s probability of observing v

Cr(9) Fundamental investor’s cost to observe v with probability ¢
Cp(1/0?) Back-runner’s cost of observing a signal of x; with precision 1/0?
Upo OE (mr1 + 7r2) — Cr (9)

gz QL (7p2) — Ck (é)

Strategy Summary for Section 3

ﬂv,l T, = ﬁv,l(v - p) + 2

Bu2, Bars Byy w2 = Bu2(v —p) — Bey 21 + By

(557 53/1 dQ = 535 — 5y1y1

A1 p1=Dpo + A1y1, with y1 = 21 + uy

A2 P2 = p1+ Aayo, With yo = x5 +dy + uy
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B Proofs
B.1 Proof of Equation (10)

Define o} = Var (1) = 87,5 + 07. Direct computation shows

12002 o2
E (v]s,y1) — E (v|y1) = = CORRR) (3 )

2 2 2 ) 7 Y1

Thus, it suffices to show that
5y1 _ U:% B
S, o2+o2 (B1)

holds in equilibrium, in order for dy in equation (7) to admit a form given by equation (10).
By equation (18), we have:

BuiXo  o2[d(0;? 40+ 0,°%) — o7

— B2
55)\2 0'6_2 ( )
Plugging the expression of \; = f ;ﬁg (i.e. equation (20)) into equation (19) yields
) 012 1 402
O _ PuaZo O . (B3)

5, 0\ 3(02+02) 302

Inserting equation (B2) into (B3) and simplifying, we have equation (B1).

B.2 Proof of Proposition 1

A mixed strategy equilibrium is characterized by nine parameters, o, 8.1, Bv.2; By s Bzy» Oyr s Os,
A1, and X\o. These parameters are jointly determined by a system consisting of nine equa-
tions (given by (14), (18), (19), (20), (21), and (23)) as well as one SOC (Ay > 0 given by
(13)). Note that by equation (23), J5 is already known, and also A\; = Ay degenerates to
one parameter, denoted by A. So, the system characterizing a mixed strategy equilibrium
essentially has six unknowns. To solve this system, we first simplify it to a 3-equation system
in terms of (A, 8,1,0,) and then solve this new system analytically.

Given that J, is known, parameter d,, is also known by (19). Also, once A is solved, the
three equations in (14) will yield solutions of /3, 2, 8,, and 3,,. Thus, the three equations left
to compute (A, 5,1,0,) are given by equations (18), (20) and (21). To solve this 3-equation
system, we first express 3,1 and A as functions of 0., and then solve the single equation of
g,
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By (18) and noting that A = A; = Ag, we have

05_2
=
1 ( 3’1204-03) o2 +oy? ﬂU’120
—2 2 2°
55 4 _ 05_1 - — /B,U7120 + O-Z
(B2,50+02) " +oz 4oy

A=

4
Combining the above equation with (20) and the expression §; = 1@, we can compute

30’%
4 2 2 2 2 2 2
s _ Oy~ 30,0, — 4007 — 4olo (B4)
vl 3002 4 4502

Equation (B4) puts an restriction on the endogenous value of ¢, i.e., o — 30202 — 40202 —
40202 > 0, which can be shown to hold in equilibrium.
By (20) and (B4), we can express A% as a function of 2 as follows:

ot —30202 4020240202 22
A2 — 3¥p02+4%g02 0

-
4 2 52 2 52 2452
on—30202—40202—4020 2 2
( 35002 145002 Yo+ o0 +o;

4
3

Inserting §, = > into equation (21) and further simplification yield

4o
1
(525007 + 160Xg0,02 + 64%0002) B2, 9
+ (3608 + 520502 + 1600502 + 16000202 4 6400t + 64020%02)

= (9308 + 9%g0lo? + 2430k 0? + 243 0020%02 + 1600202 + 16300202) .
Inserting equations (B4) and (B5) into the above equation, we can compute
,  02(0%+40?) (o} — 1602 — 320%02)

_ : B6
7 = (302 + 402) (1302 + 1607 + 400202)’ (B6)

which gives the expression of ¢, in Proposition 1.
In order for equation (B6) to indeed construct a mixed strategy equilibrium, we need

52 02 (02 4 402?) (02 — 1602 — 320202) 0w ol _ V1T .
* (302 + 402) (1302 + 1602 + 400202) o2 4 '

Also, inserting equation (B6) into equation (B4), we see that (B4) is always positive. Finally,
by equation (20) and Ay = A;, we know Ay > 0, i.e., the SOC is satisfied. Thus, when
g—é < @ — 1, the expression of ¢? in equation (B6) indeed constructs a mixed strategy
equilibrium.

Clearly, if j—é > @ — 1, then the solved o2 would be non-positive in (B6), which implies
the non-existence of a linear mixed strategy equilibrium.
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B.3 Proof of Proposition 2

For a pure strategy equilibrium, we have o, = 0 and need to compute eight parameters,
Bots Bu2s Byis Bais 0550y A1, and Ag. These parameters are determined by equations (14),
(18), (19), (20), (21), and (24), together with two SOC’s, (13) and (25). In particular, after
setting o, = 0, we can simplify equations (18), (20), and (21) as follows:

-2
Oe

( 5120)_1-&-022-&-052 1
0y = : — , B7
4 — 5 Z: ’ T E— )‘2ﬁv,1 ( )
(IBUJEO) +0e “H0oy
12
N o= PeaXe (BS)

2 )
61},120 + 012L
1 é 1
oo T 50 1> SR
2A2 2 v, EO +ﬁ12)10-u
Ay = ) ; 5 5 . (B9)
= 9s P 242 2
<2)\2 + 2611,1) S0 1182 0u 2 +5SU€ + o

Note that equation (B8) is the expression of A; in Proposition 2.

The idea to compute the system characterizing a pure strategy equilibrium is to simplify
it to a system in terms of (A1, A, By1,ds) and then characterize this simplified system as a
single equation of 3, ;.

If we know (A1, A2, ds), then 6, is known by equation (19), and f,,, By2, and f,, are
known by equation (14). Thus, the four unknowns (A1, A2, 5,1, 0,) are determined by the
remaining four equations, (24) and (B7)—(B9), and the two SOC’s, (13) and (25).

Now, we simplify this four-equation system as a single equation of f3,;. The idea is to
express A1, A20s and Ay as functions of 3,1, and then insert these expressions into equation
(24). By (BT),

511,10320

Aol = . B10
2 40202 + 337 | X002 + 4% | Xgo? (B10)

By (B9),

_ 1 )\255 1 1 >\255 2 1 ,
o =0 LMo, N 1 (1 U N

Inserting (B10) into the above expression, we obtain

(20, 4 402 + 50202) 536, 1 + (80202 + boyo?) Lobs 1 + 40,072

2
Ay = 2o 2 2 2% 32 2% 92 2 2)?2
(ﬂv,lzo + Ou) (3O—uzoﬁv,1 + 405 ZOﬁv,l + 4Uu06)

. (B

which gives the expression of Ay in Proposition 2.
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We can rewrite equation (24) as

2 42 2 .
e a1 = [ﬁ”’l (§A1 Al (1 i 3ai%>) - 1} : {?1 Al (1 " 30%)] |
B12)

We then want to take square on both sides of (B12) in order to use (B11) to substitute A2.
Doing this requires that the terms 23,,A — 1 and 3,1 (%)\1 + Aol (1 + ;‘fﬁ)) — 1 have the
same sign, that is,

2

2 4o?
(28v1M0 — 1) {@;,1 (§>‘1 + Aods (1 + 302>> — 1} > 0.

u

Inserting the expression of A\; and A2ds in (B8) and (B10) into the above condition, we find
that the above inequality is equivalent to requiring

Bun < —

v, 1 > .

V2o

Thus, given /3,1 < \}’—%0, we can take square of (B12), and set

2 40 272 402\ 12
4)\% (2ﬁv,1)\1 — 1)2 - [Bv,l (5)\1 + )\255 (1 -+ 322)) — 1:| X l:g)\l + )\2(55 (1 + 352):| = O

u

Inserting the expression of A1, A2d, and A2 in (B8), (B10), and (B11) into the above equation,
we have the 7" order polynomial of 5371 as follows:

F(B21) = AsBlY + AsBY3 + AsBYy + AuBy ) + AsBoy + Aoy + Ao, 4+ Ag =0, (B13)

where
A7 = X5 (208 + 40t + 50%07) (302 + 402), (B14)
As = 25507 (402 — 07) (302 + 402) (30 + 602 + 8o207) (B15)
As = —X008 (2708 + 33602 + 5240702 + 2460,07) (B16)
Ay = 45500 (305 — 14408 — 3040200 — 182002 — 230507, (B17)
Az = —Xjob (0f 4+ 70408 + 7520200 + 760,02 — 5T0o0?), (B18)
Ay = —4%%0,%02 (o) + 4802 — 240702 — 3lo,07) , (B19)
A = —4%g0.%0l (0, — 3202 — 360202) (B20)
Ay = 64008, (B21)

The final requirement is to ensure that a root to the polynomial also satisfies the two
SOC’s, (13) and (25). Given the expression of Ay in Proposition 2, (13) is redundant. Also,
(25) implies 3,1 > 0, because (25) implies A; > 0, which by (B8), in turn implies 5, ; > 0.

So, the final constraint on f,; is 0 < 8,1 < \}’%D and condition (25).
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B.4 Proof of Proposition 3

When o, is small: By Proposition 1, when o, is small, there is a mixed strategy equilib-
rium. The task is to show that there is no pure strategy equilibrium. By (24) and the fact
Bv1 > 0 in a pure strategy equilibrium, we have

1 - )\1+)\25S—)\26y1
_ 2X2
Bug = = > 0. (B22)
5|y (M+2285—A2dy, )
1= /By

Note that the denominator is the SOC in (25), which is positive. So, we must have

AL Aeds — Nad,

1
2

>0 =422 — (A + Xads — \ody,)° > 0.

Using (19) we can rewrite the above inequality as follows:

) 2 5 402\ \?
4/\2 — g/\l + A9 s | 14+ 352 > 0. (BZS)

u

Plugging the expression of A1, A\od,, and A3 in (B8), (B10), and (B11) into the left-hand-
side (LHS) of (B23), we find that (B23) is equivalent to

(168, 25 + 3262 X0 + 160,,) of + (88,1507 — 4851546 + 12652 1 50,) 07

2
—B51 %00, (82,20 —02)” > 0. (B24)
We prove that the above condition is not satisfied in a pure strategy equilibrium, as
0. — 0. Proposition 2 implies that in a pure strategy equilibrium, 512,71 € (0, ;—a So, as

0. — 0, the first two terms of the LHS of (B24) go to 0. Thus, if as 0. — 0, 37, does not go
to 0 or g—% in a pure strategy equilibrium, then the third term of the LHS of (B24) is strictly
negative, which proves our statement.
2
Now we consider the two cases that 8, converges to 0 or to ;—z as 0. — 0. We will show
that both lead to contradictions to a pure strategy equilibrium.

Note that if 0. = 0, the polynomial (B13) is negative at g—g that is, f (;—%) = —16022 < 0

0 )
if 0. = 0. Thus, if for any sequence of 0. — 0, we have 53,1 — ;_% in a pure strategy
equilibrium, then we must have f (52,) — —16022 < 0, which contradicts with Proposition
2 which says that f ( 31) = 0 in a pure strategy equilibrium. Thus, 53’1 + ;—% as g. — 0.

Suppose 6371 — 0 in a pure strategy equilibrium for some sequence of o2 — 0. By (24),
we have ) )
2 40’2 5120
A+ A0 (1 2 > (1-2—— 405,
(Grnn (1+3)) > (1- 250 o) 98
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2
Combining the above condition with condition (B23), we know (%/\1 + Ao (1 4 Lot )) has

302
2 402\ \°
0 ((gAl . (1 ¥ 305)) > —on).

Substituting into the above equation the expression of A;, A\2d,, and A3 from (BS), (B10),
and (B11) and matching the highest-order terms, we can show that 512]71 has the same order
as 0. As a result, by (B8), Ay — 0; by (B10), X2, goes to a positive finite number; and by
(B11), Xy goes to a positive finite number. This in turn implies the SOC (25) is violated.
Specifically, by (19), the SOC is equivalent to

the same order as \%:

2
<§)\1 + Aol <1 + %))

A — ) > 0. (B25)
2
2
(31432 Oub.)?
However, as 02 — 0, we have \; — 7y - — 42/\; < 0, a contradiction.

When 0. is large: By Proposition 1, when o, is sufficiently large, there is no mixed
strategy equilibrium. The task is to show that a linear pure strategy equilibrium exists and
is unique.

By equations (B14)—(B21), we have A7 > 0, Ag > 0, A5 < 0, Ay <0, A3 <0, Ay <0,
A; >0, and Ay > 0, when o? is sufficiently large. Thus, by Descartes’ Rule of Signs, there
are at most two positive roots of 6571.

By equation (B13), we have

f(0) = 6400® >0,
lim f (53’1) o« X7 (20 + 4o + 50.07) (307 + 40?)2 x oo > 0.

612)71—>oo

In addition, as o2 — oo, f (g—%) o —10240,'08 < 0. So, there is exactly one root of 42, in

the range of (O, ;—i) and one root in the range of <g—%, oo). Given that in a pure strategy
equilibrium, we require 0 < @3’1 < ;—Z by Proposition 2, only the small root is a possible
equilibrium candidate (which is indeed an equilibrium if the SOC is also satisfied).

Finally, we can show that the small root of 63’1 € (O, ﬁ) satisfies the SOC as 02 — co.

o
Specifically, by (B25), the SOC is

2 402 2
(gAl 4 A6, (1 + 303))
1y

A — >0
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2 402\ \*
160202 — (§>\1 + A\od, ( 3;)) > 0.

Plugging the expression of A, A\2d,, and A2 in (B8), (B10) and (B11) into the LHS of the
above condition, we can show that the above condition holds if and only if

B40'§ -+ BgUS + BQO'? + Blaf + B(] > 0, (B26)

By = 7688050 + 409645 g0, + 8704435 1 S50 4+ 921683, 15500 + 486443, 15008 + 10240,
By = 20483,%%0, + 8704535 1550, + 138245 (So0n 4+ 97283, 15505 + 25603, 500,

By = 214483500, + 672085 550, + 691235 12308 + 22408, 1550, — 9632 1 So0.”,

Bi = 105608300 + 21126, | Sg0s + 912685 1 550, — 1608, 1350, — 1643 100,

By = 207843505 + 18085 S50, — 540601 Se0.” — 1283, 1550, — B 1500,

Given that 8,1 is bounded, we have that as o2 is large, the LHS of condition (B26) is

determined by Byo®, which is always positive: Byo® > 102402 > 0.

B.5 Proof of Corollary 1

Now suppose 0. — oco. By Proposition 3, as o. is large, there is a unique linear equilib-
rium, which is a pure strategy equilibrium. In a pure strategy equilibrium, we always have
f ( 31) = 0. If we rewrite the polynomial f as a polynomial in terms of o., we must have
that as 0. — 00, the coefficients on the highest order of o. goes to 0. This exercise yields
the following condition that as o. — oo, we have

6450 ;jﬁ+1922803 ;?1—5762303 31—704230 —1922:2 10541+12820012 21+64al4 — 0.

(B27)
Define x = 52 Zo IS [0,1] in a pure strategy equilibrium. Condition (B27) becomes

—2r—a2*+2°+1—0, as 0. — o0. (B28)

That is, as 0. — 00, we must have that (B28) holds.
In a standard Kyle setting, the unique equilibrium is defined by

—2r* —x® + 2 +1=0. (B29)

Specifically, Proposition 1 of Huddart, Hughes, and Levine (2001) characterizes the equilib-
rium in a two-period Kyle model by a cubic in terms of K,

SK? —4K? —4K +1=0. (B30)
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By the expressions of §; = fflg—j/\% and \; = —%\/G—Ef in Proposition 1 of Huddart,
Hughes, and Levine (2001), we have K = m, where z* = 3728, Then, equation (B30)
is equivalent to equation (B29). Given that —2x — 2% + 2% + 1 is monotone and continuous

in the range of [0, 1], we have © — z* as 0. — o0, by conditions (B28) and (B29).

B.6 Proof of Proposition 4

We here give the expression of the variables in the proposition. The comparison follows from
setting 0. = 0 and o, = 0o in these expressions and from straightforward computations.

Setting 0. = 0 in Proposition 1 yields o, = @/%au and 3,1 = \/%\}% Plugging these
two expressions of o, and 3, into the expressions of A\; and )y in Proposition 1 gives \Y and
AY. In a pure strategy equilibrium, A\; and Ay are given by Proposition 2. Setting 0. = oo

. . Kyle Kyle
yields the expressions of A} 7" and A\, 7.

Direct computation shows that in a mixed strategy equilibrium, the price discovery vari-

ables are given by

(02 + 07) Yo

ETixed — - 7
ﬁv,lzo + 0—3 + 0121
sumized (4o, + 4007 + 030507 + 4030302 + 46202072) A3%o
? (SoA20202 + 450\ 302 + 450 \30202) B2 + 2000028, B1 '
+22 (4ol + 40202 + 020202 + 4026%02 + 4620%02%) + X (02 + 02)
Plugging 0. = 0,0, = %O'u, and 3,1 = \/%\}%) into the above expressions yields ¥¢ and
¥9. In a pure strategy equilibrium, we can compute
ywpure 0—12120
' on+ 53,1207
ure 1
Y2 =

i .
zy+@ﬂf+(i+%mg(@@+ﬁrl

Setting 0. = oo in Proposition 2, computing 3,1, A2 and J,, and inserting these expressions
into the above expressions, we have the expressions of SX¥¢ and RXv,

Finally, we present the profit expressions. By (15), the fundamental investor’s ez-ante
expected period-2 profit is

FE [U —P1— )\2 (_5yy1 + (551’1)]2
4 '

E (7TF72) =
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Using equations (5) and (8), we can show

[1 — (/\1 — /\25y + )\2(55) 5%1]2 EO + (/\1 — A25y)2 O'Z + (/\1 — /\26y + )\2(55)2 O'z

E f—
(7r2) AN

For F (71'%’2), we set 0. = 0, compute o, 8,1, A1, A2, 05, and 9, in Proposition 1, and insert

these expressions into the above equation. For F <7rF gle>, we set 0. = oo in Proposition 2

and compute the relevant parameters accordingly.

To give the expression of E (7g;), we first compute E (7p; + 7p2), and then use the
above computed E (7mp2) to compute E (1p1) = E (mp1 + mr2) — E (7r2). Using equation
(22), we can show that in a mixed strategy equilibrium,

N+ a2N(1-4,)
n 4\

mized mized
E(TrF,l + Mo )

while in a pure strategy equilibrium

2
AL+ X205 —Aad,
(1 - = 22)\2 : ) > 20 + O',z (/\1 — /\25y)2

pure pure\
b (WF’l M ) B 4 ()\1 — _()\1"'_)\255_)\263;)2) o+ 4 )
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Then, setting 0. = 0 and 0. = oo in the above two expressions gives £ (71'%71 + W%’Q) and

Kyle Kuyle .
) (’/TFJ + Tro >, respectively.
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